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Strength Margins for Combined Random Stresses
J. R. FULLER*

The Boeing Company, Seattle, Wash.

Statistical mechanics procedures are widely used in the aerospace industry to analyze the
effects of random loading on flight vehicles. Although existing procedures give the struc-
tures analyst considerable knowledge of the loads to which various parts of the vehicle are
subjected, they do not provide a usable procedure for evaluating the structural strength of
an element for combined random stresses. A procedure is derived herein, which permits a
determination of the number of times per unit time that various strength margin levels are
exceeded for combined random stresses.

Nomenclature

x, £ = shear stress, psi
y, f = axial stress, psi
XQ> so, 2/o, /o = steady stress values, shear and axial stress,

respectively, psi
F% = allowable shear stress, psi
Ft, Fc = allowable ax^l stress, psi
z = stress vector, xi + yj
z = stress velocity vector, ai + /3j
o-t, cry, o-a, vp — root mean square values (standard deviations)

for x, y, a, and /8, respectively
$3(0)), $y(co) = power spectral density functions for random

process x(t) and y(i), respectively
&xy(<Ji) — cross power spectral density function for x(t)

and y ( t )
co = circular frequency, rad/sec
p = correlation coefficient for x(t) and y(l)
a, 13 = time rate of change of x and y, respectively
p ( x ) , p(y] = probability densities of x arid y
p(x, y} = joint probability density of x arid y
f ( x , a, y, /3) = probability density of x, a, y, (3
MS — margin of safety
P(MS < 0) = probability that MS is less than zero, or percent

' time that MS is less than zero
P(MS ^ 0) = probability that MS is greater than or equal to

zero
C = a curve on the xy plane
N = unit vector normal on C
[ ] — column matrix
L j = row matrix
Nc = crossings of an arbitrary curve/sec or /ft

traveled
<TW

 = root mean square gust velocity, fps
f ( 0 w ) = probability density distribution of <rw
V = velocity, fps

Received October 15, 1964; revision received October 18,
1965.

* Supervisor, Product Development, Structures Research
Group, Structures Staff.

G = expected exceedances of limit design strength/
hr

A = root mean square stress response for aw of
unity, psi/fps

NQ = number of times/unit time or distance that a
time-history crosses its mean value with
positive or negative slope

Introduction

THE strengths of various structural elements in aircraft
and aerospace vehicles are usually defined in terms of a

stress interaction function or interaction diagram such as
that shown in Fig. 1. This type of diagram shows the various
combinations of stresses which would cause the structural
element to fail. Any combination of stresses within the
envelope is allowable.

When a flight vehicle is subjected to random loading, such
as continuous atmospheric turbulence, buffeting, a turbulent
boundary layer, or engine noise, random stress components
are generated in the various structural elements. It is im-
portant for the structures engineer to know7 the expected
number of years, hours, or minutes that the structural element
can sustain the combined random stresses before the strength
is exceeded.

Development of the Procedure

Joint Probability Approach

For purposes of illustration, let us consider two stress com-
ponents, axial stress and shear stress, on a segment of a
stiffened skin panel, as shown in Fig. 1. Further, let us
assume that each stress time-history is statistically stationary
and has a Gaussian probability distribution when sampled at
equal increments of time. If the time-histories were sta-
tistically independent, that is, if there were no correlation

.between them, their joint probability density function would
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be the simple product of their individual probability densities.

exp{ -&[ (D

However, if the time-histories were correlated, the joint
probability density would be as follows:

X
(2)

The probability that the combined stresses would not exceed
the strength envelope enclosing a region E is the probability
that the margin of safety (^f/S) would be not less than zero.

(3a)

(3b)

0) =

where, the margin of safety is

actual stress state
allowable stress state

A stress state is defined herein as stress components having a
unique ratio of one to the other.

On the other hand, the probability of having less than zero
margin of safety at any instant in time is

< 0) = 1 - 0) (4)

Perhaps a more meaningful statistical estimate would be
the expected time to exceed the design strength envelope.
This type of estimate involves determining the expected
number of times per unit time that the combined stress vector
z(Z) perforates the strength envelope. There must be at
least one peak value for every two perforations.

Consider a random time-history of shear stress ^j(Z) =
z(Z) and of axial stress ^j(Z) = ?/(Z)- Then, the stress vector
z(Z) is

Z^Ey ^ 3/^oyl "%" 2/\^/J \*^/

A schematic diagram showing the locus of z(Z) as a function
of time is shown in Fig. 2.

Let us assume, in the same manner as Hendat,^ that the
stress vector z(Z) and its time derivative z(Z) are observed to
follow a given joint probability density denoted as follows:

= Prob[z

(6)

where

= axial stress, psi
= time rate of change of axial stress, psi/sec
= shear stress, psi
= time rate of change of shear stress, psi/sec

AXIAL STRESS, f.y

™°" TENSION

( " F t

COMPRESSION

Fig. 1 Typical stress interaction diagram.

INTERACTION BOUNDARY
CURVE. C

Fig. 2 Combined stress vector.

The preceding expression can be thought of as representing
the fraction of time per unit time that the stress vector z(Z)
spends in the interval (2, a; + dz; 2/? 2/ + d^/) with velocities
in the interval (a, a + cZ<%; |S, j3 + d/3).

The expected number of times per unit time that z(Z) will
pass through the strength interaction boundary zone d?? (Fig.
2) is equal to the time spent in the interval d?? divided by the
time required to cross the interval. The time required to
(tross the interval is equal to d?y divided by the velocity com-
ponent of the stress vector normal to the interaction boundary
curve, denoted as C.

A unit vector normal to C is

N
grad C
jgrad C|

If C is a function of z and ?/, such as

(7)

2/ = ;/% _ M/F, (8a)

where this function re%)rcsents an interaction curve for shear
and tension stresses, then

The gradient of C is

The modulus of this gradient vector is

(Sb)

(80)

(8d)

Therefore, the unit normal vector on C is

22
N = —,-—-^ 2 1^2 I *

The velocity vector z(g) is

The rate at which the interval dq on C is traversed is the
dot product of the unit normal vector and the velocity-vector.

If the time required to cross the interval d?; is r, then

(9)

The expected number of times/unit time that the curve C
is crossed with velocities (a, <x + do:; jS,j6-|- dj8) denoted
JVc is equal to the time spent in the interval divided by the
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Fig. 3 Approximation to interaction diagram by straight-
line segments.

time required to cross the interval.

[f(x, a, y, /3)dad/3]d7j
N = f^c«v Jc drj

dS (10)

|gradCy|gradC|-z(0|

The total number of passages, both out of the interval
dr], from the region of positive margin of safety R, and into
the interval, toward the region R, is obtained by integrating
with respect to a and /3 for all possible velocities. There-
fore, the total number of perforations of the strength bound-
ary Nc is

Nc = f r o ^ \ ('|N-zl/(z, a, y, fldsldodp (11)
J — ™ J — co (J C ' J

If the random process z(t) is Gaussian, the probability
density can be written as follows:

(12)

where |M is the determinant of the time averages of the
products and cross products of x\, x-2, x$, . . . , xn. Mij is the
cof actor of the ij element of [M]. If we let

xi = x(t) x-2 = a(t) = x(t)

x3 - y(t) x, = @(t) = y(t)

then \M \ can be expressed as follows :

a(t)
y(f)

\x(t)a(t) y(f)

(13a)

(13b)

or

[M]=2?.2T
— CT

\T J -5 dt (13c)

The elements of [M] can be determined by carrying out
the integrations as indicated, or by power spectral analysis,
where ^(w) and ^(co) are the power spectral density func-
tions for x(t) and y(t), respectively. We obtain the folio wing-
values for the ii elements:

_ JL
*** = ̂  2T

T,,2 = lim

T a\t)dt =

1 /* T /*

2T J -T
y2^dt = Jo

(13d)

— 1 JO

We obtain the following result for the (1, 2) and (2, 1) ele-
ments :

lim -— I m x(t)x(t)dt = 0r-^oo z. (I3e)

This result can be verified by integrating by parts and tak-
ing the limit.

Km ^ /_r
r x(f)x(i)dt = Urn^ ̂  X

( /• T )
][x*(t)]T_T- I x(t)x(t)dt(
I J — i )

(13f)

lim w fT x(t)x(t)dt = lim 7- [x*(T) - x\-T)\ = 0y-^co 21 J -T T^m 47

This limit is zero since the respective values of x2(T) and
x 2 ( — T ) are always finite, and they are divided by T which is
arbitrarily large. In a similar manner, the (3, 4) and (4, 3)
elements are zero.

Both the (1, 3) and (3, 1) elements are, by definition, equal
to the cross correlation between the x(t) and y(t), and &xy(oo)
is the cross power spectral density function for x(t) and y(t).

1
-xVy = lim —

'
rx(t)y(t)dt =

The constant p is the correlation coefficient and can vary
in the interval (—1,1) .

Experience gained thus far in applying this analysis indi-
cates that the other elements involving cross correlations
between shear and axial stress quantities are negligibly small.
They are assumed to be zero in the present analysis.

Therefore, the determinant M can be written as

0

\p<jxay 0 o-j
lo o o

o !
o i
o !
<J/32j

(13h)

The frequency density can be expressed as follows:

f ( x , a, y, /3) =
1 1

[27T]2 <Tx<Ta<Tu<Tfi(\ ~ p2)l/2 e X P | 2

exp
2(1 - p'2) I o-,2

(14)

If we assume that the variables x and ?/ in Eq. (14) are
the incremental or time variant quantities, varying from con-
stant mean or steady flight values x0 and yQ, respectively, then
x and y can be replaced by (x — XQ) and (y — yQ).

After the mean values for x and y are inserted into Eq. (14),
the number of crossings of a given curve C with velocities in
the interval (a,a + da', /3, /3 -\- d/3) is obtained from Eq.
(10).

1

X

dSdad/3 (15)

The total number of crossings or perforations of (7/unit time
is obtained by integrating Eq. (15) over all possible values
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of a and j9.

grad
grad C\

(z — zo)^ — 2p(z

X

(16)

If we assume zo = ?/o = 0, ̂ ^ can obtain the familiar ex-
pression for the number of times/unit time that z(Z) crosses
constant levels of either ?/ = o or z = &, where a and & are
arbitrarily assigned values.

The general equation for the number of crossings of any
curve C per unit time [Eq. (16)] is used. Consider the num-
ber of crossings per unit time of the curve ?/ = a.

The curve C is equal to

and the gradient of (7 is

(I7b)

and unit normal vector on C is

= Oi

The absolute value of the velocity vector normal to (7 is

gradC
^•zIgradCI

If Eq. (16) is rewritten for this example, we obtain

/«3-« 1 1 I

Jj.^ ^ 0_ _ ^ /I -2M/2 ^̂ P ]

X

since

We note that the integral over z is identically equal to

1
f"Jz

exp< - -

The double integral over a and j9 can be written as

1*2 j^

2^[(2T)'/^»] (17h)

Substituting Eqs. (17g) and (17h) into Eq. (17e) gives

[(2,r)i/X,] X

LIMIT
DESIGN
TENSION -TENSION-SHEAR

0 1^.000 <S^20,000 K.GOC

IMPRESSION-SHEAR

TYPICAL SEGMENT

Fig. 4 Typical skin-stringer segment and strength inter-
action diagram.

This is the expression, Erst derived by Rice,^ for the total
number of crossings of a level ?/ = o? where a is arbitrary in
magnitude and in sign.

Perforations/Unit Time of an Arbitary Straiglit-Line
Segment

The general expression for the number of crossings of curve
C [Eq. (16) ] is somewhat cumbersome to evaluate when

| gradC
(18a)

However, a good approximate solution can be obtained if
the curve C is considered to be a series of straight-line seg-
ments (Fig. 3). Then, for each segment &

| gradC/

The total number of crossings or perforations of the inter-
action envelope is

A% = $] |A |̂ (iQ)

The number of crossings per unit time of a straight-line
segment from (zi, 2/1) to (z^, 2/2) is derived as follows:

Consider a straight line through the points (zi, 2/1) and (zz,
2/2). The equation for this line is

(20a)

or

- Zi)

where m is the slope. Therefore, the curve C is

C = ?/ — ?n(z — Zi) — 2/1 = 0

(20b)

(20c)
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Fig* 5 Probability for exceeding limit design strength for
various turbulence intensities.

and
grad(7
gradC[

I N - Z — ma -f-
(21)

Assuming xa = yt = 0 in Eq. (16), the number of per-
forations of the &th line segment approximating C is

N =ck [27r]2 <Tx<Ta<ry<
-ma

p2)1 X

- /•» -ma + f3 ( 1 r a2 /32 ~H
r 2 . Tu^ exp< - - — + ^- V

-oo J -co [m2 _J_ ], ] l /2 ^ 2 LCTo,2 0-02 J J
X

1 f ^ 2

S ~ ~p2) |_cra;2

Eq. (22a) can be rearranged as follows :

-ma -f- /3-•2?r —r /(JacGp J — °° J —

3XP | " 2 71 + ̂ 2

m2 + 1]1/2 X

dad? X2?r o"a;a"y(l — p2

F ^lirfS(22b)

After integrating the double integral over a and |S we obtain,

1 12 \1/2

- (mV«*
7T/

X

m2 + I
^

exp X2(1 - p2)

- ^ \^dS (22c)

10-8

PER FOOT TRAVELED

30 40 50 60 70

ffM RMS GUST VELOCITY, FEET PER SECOND

Fig. 6 Exceedances of limit design strength per foot trav-
eled.

0 10 20 30 40 50 6S 70 80

<rw RMS GUST VELOCITY, FEET PER SECOND

Fig. 7 Probability density of rms gust velocity.

Eq. (22c) shows that Nck is the product of a slope-velocity
function, which is constant for a given line segment and of a
line integral over the joint probability function p(x, y).

Numerical Example

Consider a stiffened skin-stringer segment, typical of those
used in wing panel construction of subsonic jet transport air-
planes. A cross section through the segment normal to the
stringer is shown in Fig. 4. It is assumed that the airplane,
of which this structural element is a part, is flying in turbu-
lent air. It is of interest to determine (1) the probability
of exceeding the limit design strength of the segment and
(2) the expected number of times per hour that the limit
strength would be exceeded for various root mean square
(rms) gust velocities vw.

Numerical information pertinent to this example is given
in Table 1. The appropriate limit strength interaction dia-
gram is shown with the structural segment in Fig. 4. It will
be noted that two level flight stress points, skin stress and
segment stress, are shown in Table 1 and in Fig. 4. These
are reference points for two joint probability stress distribu-
tions. The compression-shear segment stress probability
distribution will be applied to the compression portion of the
interaction diagram in Fig. 4, and the tension-shear or skin-
stress distribution will be applied to the tension portion of the
diagram.

The volume of the compression-shear joint probability
density function within the compression region of the inter-
action diagram will be added to the volume of the tension-

_________Table 1 Numerical example____________

Dynamic gust analysis results

Level flight stresses (based on appropriate effective areas)
Skin stress, tension fot, psi 15,600
Segment stress, compression, /Oc, psi 15,200
Shear, &, psi -2190

Dynamic analysis stress data (power spectral analysis—rms gust
velocity <rw = 1.0_fps)

rms tension stress, A/t, psi 184.19
rms compressive stress, A/C1 psi 179.51
rms shear stress, A%, psi 38.53
Correlation coefficient, p —0.2141

(Axial and shear stresses)
Zero crossings/sec

Axial stress, N0/ 1.2205
Shear stress, N0^ 2.7235

rms stress rates, psi/sec
Tension, a^ 1413
Compression, apG 1377
Shear, <r« 659

Allowable limit design stresses, psi
Tension, Ft 40,000
Compression, Fc 21,270
Shear, Fs 20,500
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shear density function in the tension region to determine the
probability that the limit design strength will not be ex-
ceeded. The probability of exceeding the limit strength is
determined by subtracting the summed probability from
unity. The plot in Fig. 5 shows the probability of exceeding
the limit design strength as a function of rms gust velocity
(7^.. It has been assumed that all response quantities are
proportional to the rms gust velocity. In order to determine
the expected number of exceedances of the strength envelope
per hour, it is necessary to determine the rms stress rates
o-<% and o-|3. This information can be obtained from Rice's
expression. [Eq. (17i)], therms stresses, and the zero crossing
rates.

Therefore

r/. (23a)

and

(23b)

(23c)

The rms stress rates for the example problem arc given in
Table 1. The expected number of exceedances of the strength
envelope per ft traveled is a function of o"«, as shown in Fig. 6.

Probability density distributions of rms gust velocity for
various altitudes have been estimated and reported in aero-
nautical literature. 3^ A typical distribution of this type,
^(o"u-) vs o",,. is shown in Fig. 7. The probability density dis-
tribution shown in Fig. 7 is applicable for the Eight altitude
of the example problem. Of course, the integral of /(o*^)
over all o\,. is less than unity, because turbulent air is not
present 100% of the time at any cruise altitude. The in-
tegral of /(cr,J is the fraction of time that rough air exists at
the altitude in question.

The integral

= 1800 (24)

is an expression for the expected number of times per hour
that the limit design strength will be exceeded. The ex-
pected number of exceedances of limit design strength per
hour for the example problem is 4.178(10)"?. Figure 8 shows
the distribution of limit design strength exceedances with
rms gust intensity.

Conclusions

A procedure has been outlined for estimating the probabil-
ity of exceeding the design strength of a structural element
subjected to two random stress time-histories superimposed
on steady stresses. The design strength envelope was as-
sumed to be composed of stress interaction curves for axial
and shear stresses. A probability calculation of this nature

10-7

1Q.10
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S 10-17

J* 10-18

^10'"
m-20

Fig. 8
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Distribution of limit design strength exceedances
with rms gust velocity.

[Eq. (4)] would indicate the fraction of time per unit time
that the strength under combined stresses would be exceeded.

A second type, and perhaps a more meaningful statistical
estimate, is the expected number of times per unit time that
the combined random stresses would exceed the strength.
The equations derived herein provide an estimate of the
number of times per unit time that the strength curve is per-
forated or crossed. The assumption is that there is at least
one peak value for the combined stresses for each pair of
crossings. An expression for the number of crossings per
unit time was derived for a general strength boundary curve
C in Eq. (16) and for a strength boundary curve approximated
by short straight-line segments [Eqs. (19) and (22c)].

The same general type of procedure could be applied to
define strength margins for more than two random stress
components if the strength interaction relationships were
known. For example, if three random stress components
were involved, the interaction or strength boundary would
be a surface, and the number of perforations of this inter-
action surface per unit time could be determined.
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